Abstract-We investigate performance of optimized M-ary quadrature amplitude modulation (M-QAM) constellations in short-reach single-polarization (SP) and dual-polarization (DP) discrete multitone (DMT) with direct detection. The constellations are obtained by using an iterative gradient-search algorithm. For the nonsquare constellations, we find bit-to-symbol mappings with a blind search method. Our experiments show that the data rate can be improved in both SP and DP DMT systems by using optimized constellations instead of square M-QAM. Net data transmission rates of 165 and 152 Gb/s are respectively achieved for back-toback and 2.2 km in a direct-detection DP DMT system assuming forward error correction threshold of 3.8 × 10 −3 .
I. INTRODUCTION

H
IGH capacity short-reach optical communication systems are extensively studied to accommodate bit rate requirements for data centers [1] , [2] . Implementation of optical systems with high capacity targets can be demanding in a cost-sensitive scenario. With the recent progress in high-speed digital-to-analog converters (DACs) and analog-to-digital converters (ADCs), intensity modulation with direct detection can be used to achieve 100 Gb/s and higher data rates per channel at low cost. Several modulation techniques are investigated to accommodate the envisioned data rates in a cost-efficient manner [3] - [8] .
Discrete multi-tone (DMT) modulation, a variation of orthogonal frequency-division multiplexing (OFDM), with direct detection is a promising candidate for data centers. DMT is attractive in particular for short-reach optical systems where the optical channel is highly frequency limited due to the use of inexpensive devices (e.g., silicon modulator) and double sideband (DSB) transmission [7] . Optimized bit-and power-loading in DMT maximize data transmission rate for frequency limited components by careful choice of the modulation format and The authors are with the Center for Optics, Photonics, and Lasers, Electrical and Computer Engineering Department, Université Laval, Québec, QC G1V 0A6, Canada (e-mail: siamak.amiralizadeh-asi.1@ulaval.ca; aminreza.yekanikhoei.1@ulaval.ca; rusch@gel.ulaval.ca).
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power of each subcarrier for a given signal-to-noise ratio (SNR) per subcarrier [8] . System capacity can be further improved by expanding the available set of constellations beyond the conventional square quadrature amplitude modulation (QAM), e.g., non-square constellations adapted to the noise characteristics of the channel [9] - [14] . Square QAM constellations are used for their simplicity, but proper choice of non-square geometries improve performance. In OFDM systems, DACs are an essential part of the system; we do not incur extra complexity at the transmitter when exploiting an arbitrary arrangement of the constellation points in in-phase/quadrature (I/Q) plane. At the receiver side, complexity increases due to the requirement for a two-dimensional decision unit with look-up table instead of a conventional QAM slicer [15] .
Square QAM constellations with Gray coding offer low bit error rate (BER) to symbol error rate (SER) ratio. For irregular constellations, it is not straightforward (or even possible in most cases) to implement Gray coding. Therefore, non-square constellations can suffer an extra penalty due to bit mapping. It is imperative to identify and employ bit mappings with low BER to SER ratio to retain the improvement obtained in SER.
In this paper, we first explore a short-reach DSB directdetection DMT system with uniform bit-and power-loading. We will take our learnings from uniform loading and apply them to DMT with optimized bit-and power-loading. For the DMT channel, we use an iterative gradient-search method to generate two sets of optimized M-ary quadrature amplitude modulation (M-QAM) constellations. Each set contains four constellations, one for each alphabet size (M = 8, 16, 32 and 64) investigated. For the irregular constellations, we find bit-to-symbol mappings that have low SER to BER conversion penalty using a blind search technique. For each constellation size, we investigate SER and BER performance of the three constellation types (standard square QAM and two constellations derived for the channel noise model) in a DMT system with uniform bit and power allocations to all subcarriers. We determine the constellation type offering the best BER performance for each constellation size. Finally, we evaluate BER improvement of the chosen constellations compared to square M-QAM in a directdetection DMT system with bit-and power-loading. Our experiments study single-polarization (SP) and dual-polarization (DP) systems, both using direct detection. The polarization multiplexing scheme investigated improves spectral efficiency without inducing significant complexity [16] , [17] . The paper is organized as follows. In Section II, we discuss the noise sources in short-reach DSB direct-detection DMT and identify two channel noise models. In Section III, we describe the methodology for finding symbol positions and a bit-tosymbol mapping in the two non-square M-QAM constellation sets, one for each channel model. Section IV is devoted to the DMT experiments. We explain the experimental setup for SP and DP DMT in Section IV-A. We present the results for DMT with uniform and optimized loading in Section IV-B. Section V concludes the paper.
II. NOISE IN SHORT-REACH DMT
Square QAM constellations are not optimal in additive white Gaussian noise (AWGN) [18] , but are used for their simplicity. In this section, we discuss under which circumstances directdetection DMT is an AWGN system, and when a phase rotation (PR) should be taken into account. Understanding the noise distribution motivates our examination of three constellation types. As short-reach systems do not require optical amplification, amplified spontaneous emission is not the dominant noise. We describe the noise sources in DMT and the parameters that influence the noise distribution. We use Monte Carlo simulations to explore SNR per subcarrier for various laser linewidths and fiber lengths.
A. Noise Distribution
The optical carrier and the data subcarriers travel at different speeds in optical fiber. This difference during transmission over fiber disturbs their phase coherency, which in turn leads to two noise sources after direct detection: PR and inter-carrier interference (ICI). The PR and ICI arise from the interaction between phase noise (PN) on the laser carrier and chromatic dispersion in fiber in directly detected DMT systems [19] . PR can be approximated by a zero-mean Gaussian random variable influencing the imaginary part of the signal. ICI can be modeled as an additive complex, zero-mean Gaussian random variable. The variance of both PR and ICI increases with increasing laser linewidth and fiber length, or decreasing number of subcarriers. Impairments due to PR become comparable to that of ICI as fiber length increases and number of subcarriers decreases [19] . For short-reach systems, PR is very small compared to ICI.
Ultra-high-speed DACs/ADCs usually suffer from limited bit resolution. Therefore, quantization noise is one of the major impairments in high-capacity DMT systems. High peak-toaverage power ratio (PAPR) of the signals exacerbates the undesirable effect of quantization. This quantization noise can be treated as AWGN parameterized by the quantization noise power, which is in turn a function of the number of quantization levels [20] .
As we examine short links, we assume small (but non-zero) fixed and deterministic PR and group the Gaussian ICI in the Gaussian receiver and quantization noise. The relative effect of PR and Gaussian noise on the constellations depends on system parameters influencing ICI [laser linewidth, fiber length and fast Fourier transform (FFT) size] and the other Gaussian noise contributions (DAC bit resolution and receiver noise). We expect constellations optimized for AWGN-only and AWGN with small PR to outperform square M-QAM constellations.
B. System Model and Simulations
We evaluate SNR per subcarrier as a function of laser linewidth and fiber length in simulations. Quadrature phase shift keying (QPSK) signaling for all subcarriers is simulated assuming an 8-bit DAC with 64 GS/s sampling rate. The DAC is modeled by a 256-level uniform quantizer along with a 33-GHz fourth-order super-Gaussian low-pass filter [21] . We use FFT size of 1024 and Hermitian symmetry to generate the DSB DMT signal. Eighty subcarriers are left empty in each sideband for oversampling. PN is modeled as a Wiener process. An ideal optical modulator with zero chirp is considered and optical fiber is modeled as a linear medium with dispersion parameter of 17 ps/(nm·km). A thermal noise-limited receiver is assumed with absolute temperature of 300 K, load resistance of 80 Ω, noise-equivalent bandwidth of 64 GHz and responsivity of 0.6. The received power is 0 dBm. A combination of error vector magnitude (EVM) and BER is used to estimate SNR. At low SNR (< 10 dB), BER gives accurate estimation of SNR; however, for high SNRs errors are too few for accurate BER calculation. Therefore, in this regime EVM is more precise for estimating SNR [22] . Fig. 1 (a) and (b) show SNR as a function of laser linewidth and subcarrier frequency for 2 km and 10 km fiber lengths, respectively. With 10 km we have significant power fading due to chromatic dispersion inducing disparate delays to the two direct-detected signal sidebands. The linewidth dependence is greatly overshadowed by this effect (note the scale where blue is a deep fade of 25 dB). With 2 km we change the SNR scale to focus on penalty with increased linewidth (blue is a 6 dB penalty). We observe that even when fiber length is as short as 2 km, a laser with large linewidth leads to signal degradation. As an example, with a 2-MHz laser source, SNR is 2 dB and 5 dB lower on average compared to a 100-kHz laser when fiber length is 2 km and 10 km, respectively. Note that results shown in Fig. 1 emphasize performance degradation due to laser PN and fiber chromatic dispersion without discriminating between ICI and PR.
These simulations establish the dominance of PN-induced noise. In the next section, we find the appropriate constellations for short-reach direct-detection DMT. One set of the constellations is optimized for AWGN without any PR and the other set assumes AWGN with small PR.
III. CONSTELLATION DESIGN
A. Finding Optimal M-QAM Constellation
QAM constellations optimized for Gaussian noise are derived by minimizing theoretical symbol error probability for a given transmitted power with a gradient-based algorithm [18] . In [23] , this method is adopted to optimize the constellations in the presence of both PN and AWGN. Coherent detection is investigated for both weak and strong PN scenarios [11] .
We investigate performance of two M-QAM constellation sets when using direct detection. The first one is optimized for AWGN without any rotation of the received symbols; similar to the constellations studied in [18] . The second constellation set is optimized for AWGN with small PR. In the remainder of this paper, the standard square M-QAM, the QAM constellations optimized for AWGN without PR and AWGN with PR are respectively referred to as QAM SQ , QAM w /o PR , and QAM with PR .
In the gradient-search algorithm, four parameters are adjusted to obtain the desired constellation after convergence: Gaussian noise power, step size, initial constellation points and rotation of the transmitted symbols [18] , [23] . Gaussian noise power is adjusted to achieve SER of about 4 × 10 −3 , close to typical forward error correction (FEC) thresholds. The step size is between 0.01 and 0.001 on the I/Q plane. Square QAM constellation along with several random constellation points serve for initialization. To find QAM with PR constellations, constant rotation of π/18, π/28, π/38 and π/50 is considered between transmitted and received symbols in 8-, 16-, 32-and 64-QAM, respectively. These angular offset parameters were selected to ensure that the resulting SER is not significantly higher than the AWGN-only case, i.e., the small PR condition. The algorithm converged to the Fig. 2 constellations with less than 5 × 10 4 iterations.
We note that an exact constellation design requires consideration of all of the system parameters along with their contributions to PR and AWGN. However, it is very difficult (if not impossible) to derive a closed-form solution for SER as a function of all system parameters. The employed approach in finding the constellations and adjusting the parameters of gradient-search algorithm has been proven to provide acceptable accuracy [18] , [23] . Furthermore, the gradient-search method is not very sensitive to the Gaussian noise power and the rotation angle when finding the QAM constellations.
B. Bit-to-Symbol Mapping
BER is the ultimate figure of merit, which is dependent on bit-to-symbol mapping for the constellation. M!/2 bit mapping options are available for an M-QAM constellation assuming symmetry between "0" and "1." Testing these options is not feasible for constellations larger than 8-QAM. We adapt the simple blind search technique in [24] minimizing BER, to obtain bit mappings minimizing SER to BER conversion penalty. Let s 0 , ..., s M −1 denote symbols of constellation set S with M points on the I/Q plane. The ratio between BER and SER can be approximated as
where k = log 2 M is the number of bits per symbol andH i is the average Hamming distance between s i and its neighbouring symbols. Exact calculation would include all constellation points, rather than only neighbouring symbols. The flow chart shown in Fig. 3 describes the bit mapping algorithm for the non-square QAM constellations. The algorithm starts by randomly assigning bits to all symbols and calculating β per (1). Then a list of all M 2 possible swapping pairs for the assigned bits is generated. Beginning by the first pair in the list the bits assigned to the two symbols are switched and β is recalculated. Whenever a lower β is achieved, the algorithm restarts with the new bit mapping and the first pair in the list. The program ends when all of the pairs in the list are tested. The bit mappings found for the non-square constellations are given in Fig. 2 .
We also find a lower bound for the estimated β by considering the best bit mapping option for each symbol and its neighbouring symbols, regardless of the bits assigned to the other symbols. For each symbol s i with n i neighbouring symbols, we assign "0" (in decimal) to s i and choose a subset with n i elements from the set of possible decimal bit mappings {1, 2, ..., M − 1} that minimizesH i . This gives a lower bound onH i , i = 0, 1, ..., M − 1. We replace these lower bounds in (1) and find a lower bound for β. It is obvious that if n i ≤ k, H i,LB = 1 is the lower bound for average Hamming distance between s i and its neighbouring symbols. If n i > k, the lower bound can be obtained as
where h ≥ 2 is an integer satisfying
For the constellations studied in this paper, h = 2 satisfies (3) since n i is smaller than or equal to 6. By replacing h = 2 in (2), the lower bound simplifies tō
Therefore, the lower bound forH i can be written as
ReplacingH i byH i,LB in (1) gives the lower bound for the ratio between BER and SER. Fig. 4 depicts the ratio between BER and SER for the bit mappings obtained by the blind search algorithm versus QAM constellation size for QAM w /o PR (circles) and QAM with PR (triangles). In Monte Carlo simulations, we transmit M-QAM OFDM symbols assuming an AWGN channel and direct detection. We find SER and BER by error counting and calculate β. Monte Carlo simulations (dashed lines) show that estimation of β with (1) is relatively accurate for all of the constellations. The obtained bit mappings are close to the lower bound (dash-dot line) for all constellation sizes except 64-QAM. As QAM size increases, the algorithm requires more time to test the bit mappings. Due to the excessive computation time for 64-QAM, it is difficult to investigate a large number of random initial constellations to achieve a bit mapping with low β. We also note 
IV. EXPERIMENTAL ASSESSMENT
In the experiments, we first examine DMT with a fixed modulation format on all sub-channels to evaluate performance of M-QAM options for different constellation sizes. The performance is measured via both BER and SER. We identify M-QAM constellations offering the best BER performance. Afterwards, we turn to DMT with optimized loading and investigate BER performance of the chosen constellations with minimum BER compared to DMT with QAM SQ .
Spectral efficiency can be increased by employing polarization-division-multiplexing (PDM). Several techniques are used for implementing PDM in direct-detection optical OFDM (DDO-OFDM) [16] . We adopt a simple PDM scheme, originally proposed for single sideband (SSB) DDO-OFDM, which does not require multiple-input multiple-output (MIMO) processing at the receiver but sacrifices spectral efficiency [17] . In this scheme, the carriers for two polarizations are located at different frequencies and the OFDM signal spectra overlap partially. At the receiver for each polarization, an optical band-pass filter (OBPF) is applied to suppress the carrier of the unwanted polarization. In this fashion, each receiver only detects the signal with the same polarization as the surviving carrier. The PDM scheme we use increases spectral efficiency compared to a wavelength-division multiplexing system, since it allows partial overlap of the signal spectra. While stability of the OBPF center frequency is critical for SSB OFDM systems, DSB signals are much less sensitive to center frequency offset. We verified in our experiments that even with 6 GHz variation of the OBPF center frequency, BER increase is less than twofold. These features make the employed PDM technique compelling for practical implementation of short-reach PDM DMT. For SP DMT, the signals are transmitted over standard singlemode fiber (SMF). The DMT signals with 4 dBm power are detected by a single PIN photodiode (PD). For DP DMT, the signals from MZMs are combined by a polarization beam combiner to form a PDM signal and transmitted over SMF. At the receiver for each polarization, an OBPF with 4 dB loss rejects the carrier for the unwanted polarization (22 dB suppression). The received power is 0 dBm for both polarizations. The signals after PD are digitized at 80 GS/s by a 30-GHz real-time oscilloscope (RTO) and processed offline to recover the transmitted data.
A. Experimental Setup
At the receiver digital signal processing block, we resample the digital signals captured by RTO and do frame synchronization. We remove the CP and perform an FFT to obtain the frequency-domain signal. We use OFDM preamble symbols for channel estimation in frequency domain. The overhead due to training symbols is 7.8%. After channel equalization with a single-tap equalizer, decisions are made on the symbols and SER (or BER) is calculated, detecting at least 100 symbol errors. The signal spectrum at the Y polarization receiver is an inset in Fig 5. The two polarizations are superimposed to highlight the impact of filtering on both polarizations. Sample recovered 16-QAM constellations are shown in the inset of Fig. 5 . 
B. Results
Fig . 6 shows SER versus raw data rate for SP DMT with uniform loading and different constellation designs for backto-back (B2B) and 2.2 km transmission. Results for B2B and 2.2 km are shown with solid lines and dashed lines, respectively. SER performance of the optimized constellations is better than that of QAM SQ . The improvement is noticeable for 8-QAM and 16-QAM, whereas 32-QAM and 64-QAM show very small improvement. QAM with PR and QAM w /o PR exhibit similar performance. We also notice the SER degradation due to power fading when signal bandwidth is higher than 25 GHz; see for example the highlighted section of Fig. 6 (a) for 8-QAM. Note that in the case of DMT with uniform loading, different data rates are achieved by varying the signal bandwidth.
In Fig. 7 , we show measured BER versus raw data rate for SP DMT with uniform bit-and power-loading. BER of 3.8 × 10 −3 is assumed for the FEC limit with 7% overhead. The improvement in BER is less pronounced than the SER improvement for the optimized constellations. QAM with PR and QAM w /o PR lose performance compared to QAM SQ after symbol-to-bit mapping. As discussed in Section III-B, the ratio between BER and SER for the optimized constellations is higher than the square QAM constellations with Gray coding. For 8-QAM, the achieved BER improvement is still noticeable. 16-QAM and 32-QAM optimized constellations show very small BER decrease. For 64-QAM, we observe QAM SQ offers better BER compared to QAM with PR and QAM w /o PR .
Average BER of X and Y polarization for 8-QAM and 16-QAM PDM DMT with uniform loading after 2.2 km trans- mission are shown in Fig. 8 . Compared to QAM SQ , using QAM with PR and QAM w /o PR leads to 4 Gb/s and 2 Gb/s data rate increase per polarization for 8-QAM and 16-QAM, respectively. Raw data rate per polarization of 66 Gb/s and 76.5 Gb/s with BER below the FEC threshold is achieved for 8-QAM and 16-QAM, respectively. In the DP DMT, the achieved data rate per polarization is lower than the SP system. In addition to crosstalk between the two polarizations, the difference originates from lower received power to the PD in DP DMT compared to SP DMT (0 dBm versus 4 dBm).
PN-induced ICI and PR are negligible compared to the other noise sources in our experiments since we use a narrow linewidth laser, hence we expected the constellations without PR to work best. In fact, QAM with PR works slightly better, most likely due to a residual PR when applying the single-tap equalizer. When using a wide linewidth laser, PN-induced effects would be stronger, and QAM constellations designed with the assumption of small PR are expected to still work best.
Bit-and power-loading in DMT improve data transmission rate compared to uniform power and bit allocations for optical communication systems that are frequency-limited. Data rate can be further increased by optimizing the constellation shapes used in DMT. We use the QAM constellations leading to minimum BER for each constellation size, as determined in Fig. 7 . The best constellation options are: QAM with PR for M = 8, 16 and 32 and standard square for 64-QAM.
In the remainder of this section, we present the experimental results for DMT with optimized bit-and power-loading. We investigate BER performance of the optimized QAM constellations (QAM best ) and evaluate the improvement compared to QAM SQ . We also summarize the achieved maximum net data rates with BER below the FEC threshold for different schemes examined throughout this paper. Fig. 9 (a) depicts measured SNR versus frequency for electrical and optical B2B and transmission up to 10 km. Low power of high-frequency subcarriers are due to limited DAC frequency response. Pre-emphasis is not applied as it gives very little data rate improvement for DMT with optimized loading [26] . Fig. 9(b) shows an example of bit and power allocations based on Chow's margin-adaptive algorithm for 92.5 Gb/s SP DMT with 2.2 km transmission. In the DMT with optimized bitand power-loading, a maximum of 448 subcarriers are used to carry data, which corresponds to 28 GHz electrical DMT signal bandwidth.
Measured BER versus data rate for SP DMT with bit-and power-loading is depicted in Fig. 10(a) . DMT with QAM SQ and QAM best is shown with squares and circles, respectively. The optimized constellations improve data rate by 4 Gb/s at the FEC threshold. The obtained improvement depends on the bit allocation in DMT. The DMT transmissions with QAM best and QAM SQ differ in 8-, 16-and 32-QAM constellations. If more subcarriers use these constellations after bit allocation, the performance improvement will be greater. Fig. 10(b) shows average X and Y polarization BER versus data rate per polarization for DP DMT with QAM SQ and QAM best constellations. Application of optimized QAM constellations leads to consistent data rate increase for B2B and 2.2 km fiber length. Similar to DMT system with uniform loading, in DP DMT the achieved data rate per polarization is lower than SP DMT. Our PDs had low receiver sensitivity. Employing a more sensitive PD with transimpedance amplifier, as it was in the previous demonstrations [6] , [7] , can alleviate the performance gap between the SP and DP systems. The net data transmission rates for DMT systems with uniform and optimized loading are summarized in Table I . The total overhead is 15% and includes the overhead due to training symbols for channel estimation, CP and FEC. For B2B system, data rate of 100.5 Gb/s and 165 Gb/s is achieved for SP and DP DMT with optimized loading, respectively. For 2.2 km link, the achieved maximum bit rate is 94.5 Gb/s and 152 Gb/s for SP and DP DMT with optimized loading, respectively. Note that we did not apply error-correcting codes in the experiments. Bitand power-loading in DMT lead to 5 Gb/s bit rate improvement on average compared to a uniform bit and power allocation. Application of optimized constellations gives 3.6 Gb/s data rate improvement on average compared to square QAM constellations.
V. CONCLUSION
We experimentally demonstrate that performance of SP and DP direct-detection DMT can be improved by using optimized M-QAM constellations. The obtained data rate with BER below the FEC threshold of 3.8 × 10 −3 is increased by 6 Gb/s for B2B and 4 Gb/s for 2.2 km span in DP DMT with optimized constellations compared to DMT with square QAM. Application of irregular constellations does not incur extra complexity in the transmitter; it only requires application of a two-dimensional decision unit based on look-up table and modification of the decision boundaries at the receiver. The employed polarization multiplexing scheme is feasible for short-reach applications as its implementation does not require expensive components and MIMO processing.
